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Abstract 

We study non-critical superstrings propagating in d < 6 dimensional Minkowski space 
or equivalently, superstrings propagating on the two-dimensional Euclidean black hole 
tensored with (i-dimensional Minkowski space. We point out a subtlety in the construction 
of supersymmetric theories in these backgrounds, and explain how this does not allow a 
consistent geometric interpretation in terms of fields propagating on a cigar-like spacetime. 
We explain the global symmetries of the various theories by using their description as the 
near horizon geometry of wrapped NS5-brane configurations. In the six-dimensional theory, 
we present a CFT description of the four dimensional moduli space and the global 0(3) 
symmetry. The worldsheet action invariant under this symmetry contains both the M = 2 
sine-Liouville interaction and the cigar metric, thereby providing an example where the 
two interactions are naturally present in the same worldsheet lagrangian already at the 
non-dynamical level. 
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1. Introduction and summary 

It has been known for a long time that consistent string theories can live in low 
number of dimensions. These theories typically develop a dynamical Liouville mode 
on the worldsheet, and have been called non-critical string theories. These theories can 
be thought of as Weyl invariant string theories in a spacetime background which is one 
dimension higher, and contains a varying dilaton and a non-trivial 'tachyon' profile which 
corresponds to the Liouville interaction on the worldsheet. While the bosonic non-critical 
string is perturbatively consistent for one or less spacetime dimensions, the authors of 
constructed non-critical theories with Af = (2, 2) supersymmetry on the worldsheet, 
which have the M = 2 super-Liouville, also known as the sine-Liouville interaction, on the 
worldsheet giving rise to consistent string theories with spacetime supersymmetry in all 
even dimensions less than ten. 

One aspect of this construction which has not been completely clear is the geometric 
interpretation of these theories. Fateev, Zamolodchikov and Zamolodchikov [[| conjectured 
that the sine-Liouville theory is equivalent to the conformal field theory describing the two 
dimensional Euclidean black hole or the cigar |4]]. This conjecture was extended to the 
TV = 2 supersymmetric case by || and proved using the techniques of mirror symmetry 
by 0. String theory in the black hole background has been previously studied by many 
authors [see e.g.0]. This duality provides a possible interpretation of the non-critical 
superstrings in d spacetime dimensions as an (infinite) set of fields propagating on the 
cigar tensored with JR analogous to string theory in ten flat dimensions. 

We shall study the non-critical theories in flat space for various values of d using the 
above two dual worldsheet conformal field theories: 

1. The M = 2 supersymmetric sine-Liouville theory tensored with flat spacetimell IR^ -1 ' 1 
as defined by [Q. 

2. The M = 2 supersymmetric version of the cigar defined as the Kazama-Suzuki || 
supercoset SL 2 QR)/U(1), tensored with IR/* -1,1 . 

More recently, it has been understood how these theories fit into the moduli space 
of superstring theories. Motivated by the search for a holographic description of these 
theories, ||[| conjectured that the non-critical theories arise as a certain double scaling 
limit of ten dimensional string theory. One approaches a point in moduli space of string 

1 d = 0, 2, 4, 6; d = is interpreted as the pure sine-Liouville theory. For d = 8, the extra two 
dimensions are flat, producing ten dimensional flat space string theory. 
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theory on a Calabi-Yau manifold where it develops an isolated singularity, taking the 
string coupling to zero at the same time in such a way as to keep a combination of the two 
parameters fixed. To study the theory of the singular Calabi-Yau in the limit of g s — > 0, 
one replaces the Calabi-Yau by its (non-compact) form near the singularity To study 
the double scaling limit, one smoothes out the singularity by deforming the non-compact 
surface. The precise descriptions of the non-critical theories defined above is: 

3. Superstring theory on IR^ -1 ' 1 tensored with the non-compact manifold Yl7=i z 1 = A 4 ' 
n = (12-g0/2, Zi eC. 

A T-dual fT^ , |TT| , |T2|1 of this description is given in terms of wrapped NS5-branes: 

4. Superstring theory in the near-horizon background of NS5-branes with d flat spacetime 
directions and 6 — d directions wrapped on J27=3 z 1 = A 4 - 

The appearance of NS5-branes is not surprising considering that the near horizon geometry 
of a stack of NS5-branes involves an infinite tube with the dilaton varying linearly along 
the length of the tube. It has also been noted []I3J that singular geometries like (3) with 
^ = 00 also involve an infinite tube for the winding modes. In both the descrptions (3) 
and (4) , some of the ten dimensions decouple in the limit - roughly speaking, (3) describes 
the string modes which are localised near the singularity and these only fluctuate in d + 2 
dimensions. 

The purpose of this note is to use the above four descriptions in order to study and 
clarify some properties of the non-critical theories, in particular their geometric structure. 
The worlsheet description (1) gives us a handle on perturbative calculations like the spec- 
trum. Using this, we find that there is a clear geometric interpretation in terms of a set of 
fields propagating on the cigar (2) except for the appearance of some discrete symmetries 
which are non-geometric from the cigar viewpoint. On the other hand, we show that these 
symmetries are natural from the point of view of descriptions (3) and (4). Indeed, they are 
simply the global symmetries of the above 5-brane (or Calabi-Yau) configurations which 

2 Note that all the four descriptions presented above are singular at fi = - the first two 
descriptions in this limit have an infinite tube with a linearly growing dilaton, and the latter 
two have geometric singularities at the point Zi = 0. Turning on fj, resolves the singularities - 
in (1), the sine-Liouville interaction is turned on, which provides a potential preventing strings 
from falling into the strong coupling region; in (2), the topology of the tube is changed to that 
of a cigar with the string coupling at the tip of the cigar determined by [/,, thus eliminating the 
strong coupling singularity; in (3) and (4), the geometric singularities are smoothed out by the 
deformation. 
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do not decouple after taking the limit described above. Our analysis also uncovers some 
new features of some of the sine-Liouville-cigar duality. 

As just mentioned, in general, the physical spectrum cannot be interpreted as a set 
of fields propagating on a perhaps singular cigar-like manifold. From the point of view 
of the worldsheet CFT, this is due to the fact that the chiral Z2 symmetry used in the 
GSO projection is not the naive one of changing the sign of the chiral fermions, rather it 
acts by translation on the chiral part of the compact boson of the cigar in addition to the 
above action on the fermions. This is the only consistent choice for the GSO projection 
because the pure chiral rotation of the fermions on the worldsheet is anamolous due to 
the curvature of the cigar, and the conserved chiral U(l) current acts on the compact 
boson of the cigar in addition to the fermions. This means that for a given field on the 
d + 2 dimensional geometry, its spin in flat space is correlated with its momentum around 
the cigar. In the Green-Schwarz picture, this is due to the fact that the conserved current 
corresponding to the momentum around the cigar is a combination of the naive momentum 
and a piece acting on the worldsheet fermions. 

The theories we consider asymptote to a linear dilaton geometry and are conjectured 
i~4H to have holographic non-gravitational duals. In agreement with this statement is the 



structure of the target space supersymmetry in these theories; the supercharges anticom- 
mute to the flat spacetimeU momentum generators. We demonstrate that the spectrum 
can be classified as current multiplets in the boundary theory, as consistent with the holo- 
graphic interpretation. The conserved U(l) momentum around the cigar is part of the 
R symmetry in the boundary theory. We shall exhibit this for the first few Kaluza-Klein 
modes for the d = 4 theory. 

For d = 6, there is an explicit CFT interpretation as the near-horizon geometry 
of two parallel non-coincident NS5-branes JIIJ. The CFT describing the near- horizon 
geometry of k > 2 coincident five branes is IR 5 ' 1 x H x SU(2)k ||15|| . There is an infinite 
throat along which the dilaton increases indefinitely as one approaches the location of 
the branes, and a trasverse 3-sphere. This theory on k coincident NS5-branes has the 
global rotation symmetry SO(5, 1) x SO(4). Separating the 5-branes in the four transverse 
directions in a ring-like structure partially smoothes out the singularity, and the resulting 
theory has a symmetry SO(5, 1) x U(l) x Zk, and is conjectured to be string theory on 



3 In |J, the dilaton direction was interpreted as the time direction, and this was called space- 
supersymmetry. 
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i? 5 ' 1 x SL y^ k x S y^ k -B § In the case k = 2, the bosonic sphere and the flux disappear 
and the deformed geometry is precisely the one we want to study for d = 6. 

This geometric description of the d = 6 theory reveals some new features of the sine- 
Liouville-cigar duality The moduli space of the theory is IR 4 /22 corresponding to the 
separation of the two 5-branes, and the global symmetry of this configuration is 50(4) 
broken to 0(3). We shall discuss these features in the conformal field theory We find that 
the action of the CFT in the curved directions is not purely the sine-Liouville action, or the 
cigar action - only specific linear combinations of the two preserves the global symmetry. 
The d = 6 theory thus is an example where the duality between the sine-Liouville and the 
cigar is present already at the kinematic level, giving a better understanding of the duality 
which was conjectured based on dynamical reasons. 

The plan of the paper is the following. In section 2, we shall begin by reviewing the 
Euclidean black hole background and the non-critical superstring construction. Then we 
shall lay down the general features of the construction for all the dimensions. In section 3, 
we describe the special features of all the theories on a case-by-case basis. In particular, 
we describe many interesting features of the d = 6 theory. We also make a short note on 
the M = (4, 4) algebra in this case. In section 4, we present the explanation of the global 
symmetries of the various theories using the embedding in ten dimensional flat space string 
theory. In Appendices A and B, we record the spectrum and one loop partition function of 
the various theories. Appendix C summarizes the details of the Green-Schwarz formalism, 
and Appendix D discusses the details of the conformal field theory at second order. 



2. Superstring theories on the Cigar 

The spacetime directions are X a = p, 9, X M , (p > 0, p = 0, l..d — 1). The geometry in 
the string framel is that of a cigar tensored with flat spacetime: 



^^l)d9 2 + dX^dX^ 9-9 + ^-: 
2 Q 



ds 2 = dp 1 + tanh z (^-)d9 2 + dX^dXf,, 9-9 + 

(2-1) 

$ = -logcosh(^), B ab = 0. 



4 The GSO projection relates the different factors and so the product is not direct. 

5 The WZW model corresponding to the sphere consists of bosonic SU (2) currents at level 
k — 2 and fermionic currents at level 2. 

6 We shall set a' = 2 throughout this paper 
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with the string coupling g s = e . This metric is a good one for string propagation because 
the dilaton obeys the equation 2D a Db& + R a b = 0, where D a is the spacetime covariant 
derivative, and R a b is the spacetime curvature. 

In the asymptotic region p — > oo, the geometry reduces to IR^ -1 ' 1 tensored with a 
cylinder of radius R = ^ with the dilaton varying linearly along its length. When d + 2 
fermions are added to this theory, it also has Af = 2 supersymmetry. The currents of the 
cigar part of the theory in this region are 

T cig = -\{dp) 2 - ±(89) 2 - ^^P + toWo) - \Qd 2 p 

Gf ig = fa P ± i^e)d{p =F iff) + \Q8^ P ± ifr) ( 2 - 2 ) 
J C i g = —iip p ijjQ + iQ89 = idH + iQ89 = id<f> 

In the exact cigar background the Af = 2 supersymmetry is preserved but the exact 
expressions are more complicated. Away from the asymptotic region 8H and 89 cannot 
be extended to conserved currents but their leftmoving linear combination d<p is exactly 
conserved. The current which asymptotically looks like (j e (z),j e (z)) = ^(86,86) is 
conserved in the full theory and the corresponding charge P e is the momentum around the 
cigar in units of the inverse radius. Since it is not purely leftmoving, the winding number 
is not conserved. 

We conclude that the exact theory on the cigar has three conserved currents. 8(j) is 
leftmoving, 8(f) is rightmoving and j 6 has both a leftmoving and a rightmoving component. 
In the asymptotic region where the theory looks like a linear dilaton theory one can describe 
the operators in terms of H, H, 9 and 9. But in the full theory it is better to use <j> xs H+Q9 
and « H + Q9. 

When III d-1 ' 1 is tensored with the cigar, the currents Td, G^, Jd of the d free bosons 
and fermions should be added to this CFT. All the conserved chiral currents now have 
additional pieces from the free CFT. The momentum around the cigar as defined above 
is still a symmetry, and there are also d conserved momenta in the flat directions. We 
can add the superconformal ghosts to this theory to form a consistent string background. 
The central charge of this theory, c = 2(1 + Q 2 ) + d should be set to 10 which gives 

Q=y/i(8-d). 

To construct theories with spacetime supersymmetry, we need to introduce super- 
charge operators. As seen above, the £7(1) R current of the worldsheet algebra in these 
theories involves the compact boson in addition to the worldsheet fermions. This means 
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that the standard R-NS construction of the theory yields a spectrum which does not have 
a good spacetime interpretation as particles propagating in the d + 2 dimensional curved 
spacetime; the spin of a particle and its momentum around the cigar are not indepen- 
dent. Rather, the theories have a natural holographic interpretation as a non-gravitational 
theory living in d dimensions. As we shall see, this feature is intimately related to the 
structure of supersymmetry in such curved spacetimes. 

To emphasize the above point, we shall first construct the bosonic Type theories, 
and then generate the super symmetric Type II theories as a Z2 orbifold of the former. 
The bosonic Type theories have no surprises and we shall quickly review the standard 
construction. We shall then see that the chiral GSO projection to get to the Type II 
theories has a subtlety involved, and the spectrum looks slightly unusual from the cigar 
perspective. We shall then present the classification of the particles of the Type II theories 
as off shell operators in the d dimensional holographic theory. 

2.1. Type theories on the cigar xIR d 

We first construct the chiral (left or right moving) part of the vertex operators by 
demanding that they are physical operators in the theory. For example, in the pure cigar 
(d = 0) case, the the form of the vertex operators in the asymptotic region where all the 
worldsheet fields are free is (ignoring discrete states) 

D NS = f,-V+inH+ik9+(-l+p)p 

(2 3) 

r>R -±<p+i(n+±)H+ike+(-i+p) P K ' ' 

^nkp c 



Here n e Z and p > 0, and (p is the bosonized superconformal ghost ||16|1 . In the higher 



dimensional theories, the operators are functions of the free fields as well. Physical oper- 
ators also obey the condition of BRST invariance. To form the closed string theories, we 
put together the left and right movers with the following conditions: 
1. Modular invariance demands a diagonal GSO projection, i.e. the same boundary 
conditions for the left and rightmoving fermions, together with 

OB : (-) jL = (-) jR ; 

OA : (-) jL = in NS, (2.4) 

(-)ii = (-) JR+1 in R. 



where ]l,r are the leftmoving and rightmoving fermion number currents. 
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2. The parity even combination of the lowest NS-NS winding operators NS n , , x , O _„ , _ i 

is the interaction term in the sine-Liouville theory written in the dual variables. The 
duality between the two theories shows that the spectrum must have the above two 
NS vertex operators. Imposing locality of the rest of the spectrum relative to these 
vertex operators, demanding that the Liouville momentum of p and p must be the 
same, and the level matching condition determines the spectrum. 
At this point, we should make a remark concerning the nature of these operators. 
In theories which asymptote to linear dilaton backgrounds, there is no state-operator 
correspondence. Non-normalizable modes correspond to local operators in the theory, 
and the normalizable modes are the states, or vacuum deformations in spacetime [ffTfl . For 
the non-critical superstring theories with d < 4, the sine-Liouville interaction is a non- 
normalizable local operator and can be put in the action. The cigar metric is normalizable 
for all the theories. For d > 4, the sine-Liouville operator is normalizable as well. We 
shall not grapple with this issue in the following, and shall study all the theories, including 
d = 6. 

The Type theories as defined above for all d have a straightforward interpretation 
in terms of the cigar geometry. The spectrum can be classified as a set of particles with 
increasing masses. Asymptotically, all the propagating modes are determined by a free 
field propagating on the geometry, so that the particles have all integer momenta and 
winding (which is not a good quantum number) allowed by the equation of motion. 

The lowest lying modes are a tachyonic scalar, and a graviton multiplet with d 2 de- 
grees of freedom in the NS-NS sector, and a set of massless R-R fields appropriate to the 
particular dimensionB. The winding modes in the R-R sector have a possible interpreta- 
tion as Wilson lines of R-R potentials around the tube. This interpretation is only valid 
asymptotically, where the field strength vanishes. The type spectra are presented in 
Appendix A with an example. 

We can study the high energy behaviour of these theories and get an estimate for 
the asymptotic density of states by a saddle point approximation of the partition sum. 
The result for the mass density of states as a function of the spacetime dimension d is 
(Appendix B): 

m 



p(m) ~ m (d+2) exp( — ), m = (irVda') (2.5) 

m 



7 For d = 0, there are no transverse oscillators and no graviton, there are only a few field 
theoretic states in the spectrum. 
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As noted in 0], [18], this is unlike compactification to d dimensions wherein the string at 
high energies does see all the ten dimensions. These string theories are in this sense, truly 
d dimensional. 



2.2. The chiral GSO projection and Type II theories 

The symmetries of the OA and OB theories are the momentum around the cigar, and 
naively two (vector and axial) U(l) R symmetries on the worldsheet. Only the first one 
under which all the R-R fields pick up a negative sign and is the one used in the type 
projection, is a true symmetry of the theory. This is clear from the sine-Liouville interaction 
£fnt = e~Q^ p+ ^ +l ^ e ~ e ^ + c.c where if; = ip p + iifig is the superpartner of p + iO and 
is its rightmoving counterpart. The chiral rotation of the fermions is not a symmetry, the 
rotation of the left and right moving fermions in opposite directions is. It is also clear that 
there is a conserved chiral U(l) current which rotates the left moving fermion by an angle 
a and simultaneously translates the left moving boson 9 by Qa. 

From the cigar point of view, the non-conservation of the chiral rotation can be un- 
derstood as due to the anomaly at one-loop in the U(l) current ji, which rotates only the 
left moving fermions caused by the curvature of the cigar: 

d a jt = R(e al3 d a pdi 3 e), (2.6) 



where R = —2D a D a & = % Qo is the Ricci curvature of the cigar. 

2 costr 

Due to the special form of the curvature in two dimensions, we can define a new current 
which is conserved. Changing to complex coordinates on the worldsheet, this current is the 
sum of the chiral rotation and another piece proportional to the left moving momentum: 

dj G := d(j L + Q(tanh ^)dd) = (2.7) 



which reduces to the U(l) R current of the M = 2 SCFT (2.2) in the asymptotic region. 



We conclude that to perform a chiral 2 2 projection to get the type II theories, we 
must use the 2 2 symmetry generated by the conserved current above, which acts in the 
asymptotic region as 

G=(-Y L+QkL . (2.8) 

This GSO projection is implemented by introducing the target space supercharge in 
the twisted sector, as in [0 . For example, in the pure cigar case, we demand that the OPE 
of the (1,0) operator 

s=e -f+*f (2.9) 
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with the physical operators is local. When IR is tensored to this background, S = e~% +l z 
and S = e~^~ 1 ^ are each multiplied by spin fields which are spinors of Spin(d) (for d/2 
even these are conjugate spinors and for d/2 odd they are the same spinor). There is also 
a similar condition on the rightmoving side depending on whether the theory is II A or IIB. 

The algebra of the supercharges can be deduced by examining the currents in the 
asymptotic region. For d/2 odd or even, one has respectively 

{S a ,S /3 } = 2 7 ^ J P M , or {<S a ,^} = 2 7 yV (2.10) 

Note, in particular that it does not contain translation in 9. In fact, the symmetry generator 
p8 corresponding to the translation around the cigar is an R symmetry. 

[P e ,S a ] = ^S a , [ P ^S & ] = -^S & . (2.11) 

This means that the fields in a given supersymmetry multiplet do not all have the 
same value of momentum. Thus, the allowed momenta around the cigar of a particle 
is correlated with its behaviour under Lorentz rotations in spacetime. For instance, in 
the zero winding sector, the graviton has only even momenta, and the tachyoni has only 
odd momenta. The fermionic states which arise in the twisted sector have half integer 
momenta. This means that they are antiperiodic around the tube. This is the expected 
behaviour for spinors which are single valued on the cigar (the spin structure which can 
be extended). We find also a discrete winding symmetry which is not natural from the 
cigar perspective. This discrete symmetry has its most natural interpretation from the 
Calabi-Yau or NS5-brane description of the theories, as described later in section 4. The 
type II spectrum is presented in Appendix A with an example. 

In the Green-Schwarz formulation of the superstring, the states of the theory are in a 
representation of the zero modes of the spinors which are the superpartners of the bosonic 
fields. The quantization is treated in Appendix C. Here we point out two features of these 
theories. The first one is how the above non-smooth spacetime structure manifests itself in 
the Green-Schwarz formalism. In this description, the conserved current which corresponds 
to momentum around the cigar is really a combination of the naive momentum and a piece 
which acts on the worldsheet fermions. The spin of a particle and the momentum around 
the cigar are thus not independent of each other. 

8 The tachyonic zero mode is projected out and the field is no longer tachyonic. The type II 
theories are stable. 
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The second issue regards the comparision to the 10-dimensional Green- Schwarz string. 
In that case, in the light-cone gauge, the symmetry group SO (8) has the property of triality 
relating the chiral spinor and vector representations which is crucial in showing that the 
spectrum is the same as that obtained by the R-NS formalism. In our theories in lower 
dimensions, there is no triality, but correspondingly, the NS-NS ground state is not a 
graviton built out of left and right moving vectors, rather it is the scalar (tachyon) field 
with one unit of momentum. There is no need for triality in these theories. 



2.3. Holographic interpretation 

The bosonic spectrum of the supersymmetric theories cannot be organized as mul- 
tiplets of the d + 2 dimensional bosonic Poincare group, but the full spectrum can be 
organized into multiplets of spacetime supersymmetry. This algebra ( |2.10|) is effectively 
d dimensional and the modes of the d + 2 dimensional fields are naturally classified as d 
dimensional off-shell currents (operators). This is consistent with the holographic inter- 
pretation of such theories [13] . We shall illustrate this using the d = 4 example. 

The spacetime supersymmetry algebra of the theory is a four dimensional M = 2 
algebra with a U(l) R charge which we identified as the momentum around the cigar R = 
2P d . The six dimensional fields arrange themselves into multiplets of this supersymmetry. 
The Kaluza-Klein modes with a certain value of momentum around the cigar will be on- 
shell particles in five dimensions, and so they will fall into the current representations of the 
four dimensional algebra [e.g. Table 1,2 below]. These off shell four dimensional currents 
are conserved because of the gauge invariance in five dimensions. 

Table 1: Tachyon multiplet 



6d rep: 


(^4o,)rr 


(^1,-02), (^1,^2) 


(T,T*),(T W ,T*) 


Tachyon 


4d rep: 




(^1,^2), (^1,^2) 


(01, 03) 


M = 2 vector current 


n = \R: 





^2 ' 2)i \ 2' 21 


(1,-1,), (0,0) 





Table 2: Graviton multiplet 



6d 


rep: 


(G, £?, 0)nsns 


(XV'M): (X, ^) 


(-F±M> F$ )rr 


Graviton 


4d 


rep: 




(x,Vv) 5 <x Vv) 


(d ll D±h*V lt ),(V$ ) ) 


Af = 2 supercurrent 


n = 


\R: 





V.2 ' 2 /' v 2' 21 


(1,-1), (0,0) 





Supersymmetry structure of the d = 4 spectrum: These are the first two 
Kaluza-Klein modes of the six dimensional fields in the type IIA theory. In 
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six dimensions, these are the tachyon multiplet and the graviton multiplet. 
They are classified by their properties under the 6d Poincare algebra and 
the 4d SuperPoincare algebra. The momentum around the cigar is pro- 
portional to the U(l) R charge. The spinors are two component spinors in 
2 and 2 of SO (4). 

The details of the various type II theories differ slightly from each other. Some of the 



higher dimensional theories have been studied in |T9| , pO| , |21[| . These authors however, were 
interested in constructing modular invariant partition functions in particular cases, and 
the spacetime picture is not dwelt upon. In Appendix B, we present the modular invariant 
partition functions for the perturbative string spectrum for the various values of d. These 
are constructed by the standard technique |2!| of counting the physical momentum and 
winding forced by the above GSO projection in the light cone gauge. In the next section, 
we shall visit the various theories and highlight the interesting features that each of them 
have. 



3. Special features of the various theories 

3.1. d = 

In the theory of the pure cigar, the spectrum looks smooth in that it can be interpreted 
as a set of particles propagating on the cigar!. There are no transverse oscillators, and 
hence no infinite tower of states that we find in higher dimensional theories. We can 
explicitly write down the all the vertex operators easily in this case. In the IIB theory, we 
have (all operators with p = \k\): 

e _^_^ +i(A r + i)(e_e)+(-i+\N+±\)( P +p) N = 0, ±1, ±2, ... 

e -v-^-iiH-i(N+±)(e+e)+(-±+N)(p+p) N = 1 2 

(3-1) 

e -^-<P-^iH-i(N+±)(e+e)+(-±+N)( P +p) N = 0,1, 2... 

e -^-^+^i(H+H)+iN(e+§)+(-i+N)(p+p) N = 0,1, 2... 

In the NS-NS sector we have only winding modes of the scalar. In the NS-R and the 
R-NS sector, we find spacetime fermions. As can be seen from the H and H behavior 



This is loose usage of language - in two dimensions, there is no notion of a particle. 
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of the vertex operators they both have spin — \. As mentioned earlier, the half integer 
momentum is the expected behavior for spacetime spinors which are single valued on the 
cigar. This agrees with the interpretation of a black hole at finite temperature. From the 
R-R sector we find a spacetime boson which is periodic around the tube. We interpret this 
boson as the R-R scalar of the IIB theory. Note that the two fermions have only negative 
k and the R-R scalar has only positive k. 
In the IIA theory we find 

e -V-V+i{N+\)(6-6) + {-l+\N+\\)(p+p) N = 0, ±1, ±2, ... 

e -<p- ±<p+±iH+i(N+±)(9+e)+(-±+N)(p+p) N = 0,1, 2... 

e -7<p-<p-hiH-i(N+$)(o+§)+(-h+N)(p+p) n = 0,1,2... (3.2) 

e -fy-$<p+$i(-H+H)-i(N+$)(0-§)+(-$+N)(p+p) A = 0, 1, 2... 

e -$ V -$<p+$i(H-H)+iN(0-0) + {-l+N){p+p) A = 0, 1, 2... 

We again find only winding modes of the scalar in the NS-NS sector. The NS-R and R-NS 
sectors lead to antiperiodic spacetime fermions. Their spins are +\ and — |, which is 
consistent with the spacetime parity of the IIA theory. The R-R sector leads to winding 
modes which have an asymptotic interpretation as Wilson lines of the R-R one form around 
the tube. 

One aspect worth mentioning about this theory is that the physical spectrum is ex- 
tremely constrained due to the lack of transverse oscillators. There are no gravitons, and 
the supercharges are not part of the spectrum. In fact, to obtain a modular invariant 
partition function[Appendix B], we cannot impose the Dirac equation, and we need to 
demand it as a further condition to read off the physical spectrum. Even when we do this, 
the bosons and fermions are not paired and so the partition function does not vanish. 

3.2. d = 2 

In the theories with d = 2, 6, there is a further subtlety in the chiral projection which 
arises because of the way the conserved fermion number current jq = jh + Qkh acts in 
these theories. The symmetry G = e 7 ™- 70 has a Z 4 (and not 2 2 ) action on the fields of the 
type theories. The symmetry G\ = (— ) 2jG is a Z 2 subgroup of the Z 4 symmetry in the 
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type theories. Orbifolding by G\ gives another bosonic theory which we call the type 0' 
theories. These theories has a Z 4 /Z 2 = Z 2 symmetry G 2 by which they can be further 
orbifolded to get the supersymmetric type II theory. 

In the d = 2 dimensional case, Q = a/3 which gives R = -?=. The Z 2 symmetry in the 
type theories is G\ = (_) 2 ii+ 2 v / 3 fc i . The NS-NS operators have charge (-) 2 v / 3 fc ^ and 
the R-R operators have charge (_) 2 v / 3 fe ^+ 1 under this symmetry (This is because there 
are only two spin fields in four dimensions). The construction of the type 0' theories is 
implemented by demanding the presence of the R ± _R=F operators in the O'B and R ± R± 
operators in the O'A with winding w = ±|. The chiral Z 2 symmetry of these theories 
is (— yL+V3k L ^ orbifoiclmg by which we get the type II theories. This is implemented as 
usual by demanding the supercharges to be present in the spectrum. The supercharges in 
this theory have (n,w) = ±(|, ±|). 

3.3. d = 4 

We have been presenting examples from the d = 4 theory above to illustrate the 
various general features, and shall only make one remark here. The asymptotic radius 
of the cigar is the self-dual radius. Asymptotically, the current 86 is a physical current, 
but the currents e ^ are not. The SU(2) symmetry of the free boson is therefore not 
present in this model. 

3.4. d = 6 ork = 2 NS5-branes 

This example is particularly rich because of the explicit geometric description in terms of 
NS5-branes referred to in the introduction. We shall focus on three main points: 

1. The equivalence between the cigar and sine-Liouville theories. We shall see that the 
two interactions are related by a symmetry. 

2. The description of the moduli space of the theory, and 

3. A discussion of the discrete Z 2 symmetries present in the various 5-brane and cigar 
theories. 

A quick review of the picture we shall use is the following: The conformal field theory in 
the asymptotic region is that of two parallel NS5-branes. This can be explicitly seen by 
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fermionizing the angular coordinate 9 on the tube to two free fermions e ±l9 = -^(ipi±iip2), 
which along with the fermion ipg = tps generates a left moving £{7(2) 2 The theory has 
an SU(2)l x SU(2)r = SO (4) symmetry generated on the worldsheet by the rotation of 
the three leftmoving and three rightmoving fermions. The worldsheet interaction which 
resolves the singularity at the origin breaks the symmetry down to a global diagonal 50(3) 
corresponding to the rotation of the three directions transverse to the two separated 5- 
branes. 

The relationship between the cigar and sine-Liouville theories is a strong-weak cou- 
pling duality on the worldsheet. For large k, the cigar has small curvature and the clas- 
sical description in terms of the metric is a good approximation to the full theory. The 
sine-Liouville term decays much faster than the cigar metric asymptotically, and the sine- 
Liouville lagrangian is strongly coupled. For small k on the other hand, the sine-Liouville 
term asymptotically dominates over the cigar metric which has large curvature, and it is 
the sine-Liouville which is a better description in terms of a weakly coupled worldsheet 
theory. For general k, the effective lagrangian in the full quantum theory has both these 
terms, and the dominance of one of these terms over the other is governed by the value of 



k. This has been confirmed by explicit calculations of scattering amplitudes [e.g. []23| and 
refs. therein] where one sees poles corresponding to both the terms which can be used to 
compute an explicit relation between the two couplings. 

In our theory with k = 2, both the terms decay at the same rate. As we shall see, 
they are related by a rotation in the SO (3) symmetry group mentioned above. This gives 
an example where the kinematic structure determines explicitly that both the terms are 
present in the lagrangian and also determines the relation between the strength of the two 
couplings. 

The three M = 2 invariant currents ipie~ p (in the —1 picture) are in a triplet under 
SU(2)l. The meaning of these currents is better understood when expressed in the 
picture in the variables of the cigar: (tp p ^fi'tpg)e~ p±l9 1 {ippipe + d6)e~ p - the first two terms 
are nothing but the sine-Liouville interaction, and the third term is the first order correction 
from the cylinder towards the cigar metric. We can express these currents in a manifestly 



10 In this case, Q = 1 =4> R = 2 which is the free fermion radius. 
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SU(2) covariant manner as the fermion bilinear s A{ = (tp p tpi — ^ijk^j^k)^ 9 ■ There are 
also the corresponding rightmovers. Noting the Clebsch-Gordon coefficients relating the 4 
of the SO (4) and the 3's of the left and the right SU(2) (the 'tHooft symbols), 

vU%» = S l S i] ± l e yiC (3-3) 

we can write down the proposed interaction for the theory of the non-coincident parallel 
NS5-branes. The matrix = rf° 'fj^^AiAj is in the symmetric traceless (9) of the SO (4), 
and the interaction 

S int = [ d 2 z X^X V L^ (3.4) 



corresponds to separating the branes in the direction with the center of mass at the 
origin. A choice of X^ breaks the SO (4) symmetry to an SO (3) rotation symmetry. 
Changing the position of the branes by a SO (4) transformation leads to a different SO (3) 
being preserved. This is reflected in the lagrangian by simultaneously conjugating the 
matrix C^ v by the same transformation. In keeping with the conventions used in the 
earlier sections, we shall relabel the four transverse directions as \x = 6, ..9. 

Since the two 5-branes are identical, the moduli space of the theory is IR 4 /22, pa- 
rameterized above by X^. In the SL2(SV)/U(1) description of the theory, there are only 
four independent (1,1) physical states. Two of the three chiral operators Ai (and corre- 
spondingly the rightmovers) are related by the spectral flow operation by one unit in the 
SL/2/U(l) theory. This means that only two of them are independent states. The wave- 
function of a state is in general a linear combination of the wavefunctions of the states 
reached by spectral flow from a given state. The coefficients of these wavefunctions depends 
on the given point in moduli space, because this determines the boundary conditions at the 



tip of the cigar [p4| , P5| . The above four states are in the representation 1 + 3 of the 50(3), 
corresponding to the radial motion of the branes and the motion on the three-sphere of 
given radius. 

In the subspace that preserves the momentum symmetry of the cigar and the parity 
of the angular coordinate, there is only one exactly marginal deformation. This was inter- 
preted in || as the metric deformation. As mentioned above, this interpretation is only 
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correct for large k where it dominates - as we see here, the spectral flow relation means 
that the deformation is a combination of operators as given by ( |3.4| ) . 

In the lagrangian ( |3.4[ ) proposed above, the fact that there are only four independent 
operators is seen as a condition of second order conformal invariance of the theory. In the 
linear dilaton background, all the nine operators are conformal. In the background given 
by the interaction corresponding to say X G ^ 0, X 7 ' 8 ' 9 = 0, only the operators Cq^ remain 
conformal. To determine exactly marginal deformations, we add an arbitrary combination 
of the nine operators C^ V C^ V to the free action, and find that the theory remains conformal 
iff C^v = x^x v [Appendix D] which is exactly the four dimensional moduli space written 
above. 

To summarize, there is no pure sine-Liouville or pure cigar theory, only particular 
linear combinations given by ( |3.4|) are consistent with the SO (4) being broken to an SO (3) 
rotation symmetry. The theory has a four dimensional moduli space IR 4 /^. 

We now make a few remarks: 

1. The discrete winding symmetry in the theory is identified in the NS5-brane picture 
as the rotation by 7r in a plane containing the two branes, exchanging the two. This 
2 2 symmetry completes the SO(3) into an 0(3). 

2. The separation of the branes means that the origin is not singular, and this gives a 
unique spin structure in the transverse space. This forces the fermions to pick up a 
phase of ±z under the action of the exchange symmetry generator, precisely as seen 
in the spectrum. The fermions also transform in the SU(2) cover of the global SO(3). 

3. We can make precise the relation of the cigar and 5-brane theories defined by the 
various GSO projections. The type 0' and II theories on the cigar correspond to the 
type and II theories on the two 5-branes. The 2 2 orbifold by the exchange symmetry 
mentioned above takes us from the type 0' to the type theory on the cigar. The 
smooth (but tachyonic) type theory on the cigar is identified with the theory of 
one 5-brane on IR 4 /22 away from the origin. This theory does not have the SO(3) 
symmetry. 

4. To restate a point, the orbifold which gives the 5-brane theories from the Type theory 
on the cigar does not have a geometric interpretation like changing the radius. The 
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type OA(B) and Type IIA(B) theory on the 5-branes can be obtained by quotienting 
by a chiral 7Li either the type 0A(B) theory with radius R — 2, or the type 0B(A) with 
radius R = 1 (which is produced from the former OB (A) by a geometric quotient). 



3.5. A note on the M = (4,4) algebra in the d = 6 theory. 

This small subsection is slightly outside the main flow of the paper. The main points 
in this subsection are the existence of an extended superconformal algebra in the d = 6 
theory, and a comment on the related D1/D5 system. 

Consider first the theory of k = 2 coincident NS5-branes. In a physical gauge where 
the lightcone directions along the NS5-branes are fixed, the degrees of freedom on the 
worldsheet are four free bosons (parallel to the branes) + four free fermions which have 
an M = (4, 4) superconformal structure with c = 6, and a linear dilaton (p) + four free 
fermions = (i/j p , ipi)). There is also an M = (4, 4) superconformal algebra involving the 
latter fields [15|] of central charge c = 6, which extends our algebra (|2.2| ). There are four 



fermionic currents and three R currents forming an SU(2)\. The currents of the algebra 
are: 

T = ~(dpf-~^d^-±d 2 p 

G> = ^^p + —e^W^ + -Lc>?/v (3.5) 

As shown above, when the branes are noncoincident, the moduli are parameterized by 
the operators C pu constructed using the chiral operators Ai = (tpptpi — ^eijk^j4'k)e~ p = 
J ie~ p and their right moving counterparts. These operators commute with the above 
algebra and the M = (4, 4) superconformal symmetry is preserved at all points in the 
moduli space. This is consistent with the fact that there are 16 supercharges in spacetime 
even when the two branes are non-coincident (but parallel). The 50(4) = SU(2) x 577(2) 
of the 7^, Ji is identified with the rotation of the four directions parallel to the brane. 

A fact worth pointing out is that for a system of k NS5-branes, in addition to the 



above algebra (|3.5|) with c = 6, there is a second M = 4 algebra with c = 6(k — 1). The 



R currents of this algebra contains Ji and another piece from the bosonic SU(2)k-2, and 
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the slope of the dilaton is different. Both these algebras have the same algebraic structure 
(called the 'small' Af = 4 algebra), and they are both subalgebras of the 'large' M = 4 
algebra. This 'large' algebra contains both the sets of SU(2) R currents and its generators 



do not contain the improvement terms from the linear dilaton [|T5|,|2"6 



As explained in [26[, these two conformal field theories are spacetime descriptions of 
the short and long string excitations respectively in the background of k NS5-branes and 
many fundamental strings.0 Equivalently, they describe the Coulomb and Higgs branches 
respectively of the gauge theory on a Dl-brane in the presence of Dl-branes and D5-branes 
in the IIB theory. In general, the slope of the dilaton in the Higgs branch differs in sign 
and magnitude from the Coulomb branch, and the symmetries of the two branches are 
different. 

For the case k = 2, there is a symmetry mapping one theory to the other. In this 
special case, both the chiral subalgebras have c = 6, and the string couplings are inverses of 
each other. There are two SO(4) = SU (2) l x SU (2)r - one corresponding to the rotation 
of the four directions parallel to the 5-brane and the other to the rotation of the four 
transverse directions. In the Coulomb branch, the parallel SO(4) generated by the Ji, Ji 
is preserved and the transverse SO {A) is broken to a global diagonal SU(2) by turning on 
the moduli parameterized by J 1 , J l corresponding to the separation of the branes. In the 
Higgs branch, the roles of J l 's and J 's are reversed (in this system, the moduli are the self 
dual NSNS B field and a linear combination of the RR zero form and four form). Given 



the identification of the long tube of the two branches as in ||26|1 , one can summarize the 
above by saying that there is a symmetry relating the short and long string systems given 
by: (p, %j)p) — > — (p, ifjp). Starting from the weak coupling end of either theory, turning on 
the moduli to a non-zero value caps off the infinite tube to a semi-infinite cigar. 



4. The global symmetries of the various theories 

The global symmetries of the various theories are the following: 

11 In the gauge we have chosen, at distances where we are in the near horizon limit of the 
5-branes but not near horizon of the strings, the theory of short strings in this background is the 
same as the one we have been studying with 5-branes alone Q . 
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Table 3: Global Symmetry structure 



Theory 


d = 6 


d = A 


d=2 


d = 


Supersymmetry 


M = (2,0) or TV = (1,1) 


M = 2 


M = (4,0) oxM = (2,2) 


M = 2 


Bosonic Symmetry 


SO(5,l)xO(3) R 


5-0(3,1) x U(1) R 


50(1,1) x (U(l) x TL 2 ) R 


U(1)r 



Only the Lorentz part of the full Poincare group in the flat directions is 
written above. The supersymmetry algebra could be chiral or non-chiral 
in d = 6, 2 depending on if the theory is II A or IIB. The fermions in the 
theories with d = 6, 4, 2 transform in the Spin(d—1, 1) in the flat directions. 
They also transform in the spin cover of the R symmetry group: In d = 6, 
they are charged under SU(2) of rotation, they have half integer charge 
under the £/"(l)'s in the d = 4, 2, theories, and they pick up a phase of 
±i under the TL<i generator in the d = 6, 2 theories. 

From the CFT description of the non-crtitical string theories, we saw in section 2 the 
appearance of all these symmetries. From the spacetime point of view, the super-Poincare 
group in the flat directions is natural. As we saw earlier, the U(l) part of the R symmetry 
group is interpreted as the conserved momentum around the cigar. In the previous section, 
we saw using the NS5-brane picture, exactly how all the symmetries of the d = 6 theory 
arise. The full R symmetry groups for all the theories including the discrete TL^ symmetries 
are naturally seen in the singular Calabi-Yau or NS5-brane description, which is what the 
rest of this section is devoted to. 

As mentioned in the introduction, all the non-critical theories above are conjectured 
to arise as near horizon geometries of wrapped NS5-branes, which are dual to string theory 
near the singularity of certain singular Calabi-Yau manifolds tensored with flat space in 
a double scaling limit []5|j9|,|T0| . The global symmetries of our theories are nothing but the 
symmetries of these brane configurations in the near-horizon limit, or equivalently, those 
of the dual geometry whose action remains non-trivial in the double scaling limit. We will 
now describe the T-duality between the singular spaces and wrapped NS5-branes [ [jT2"l , 
and refs. therein] and their respective deformations, and track which symmetries survive 
in the scaling limit. A linear sigma model analysis of this T-duality has been done in ||27|| . 

The non-critical theory in d dimensions is conjectured to be equivalent to string theory 
on IR^ -1 ' 1 x M 10 ~ d where M 10 ~ d is defined as the hypersurface Y17=i z f = A* ^ n< ^ n where 
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n = (12 — c?) / 2 .EH By considering as above non-compact geometries, we have already taken 
the limit in which we zoom in on the singularity of the Calabi-Yau. In terms of the dual 
5-brane description which we present below, the branes are stretched out to infinity even 
in the non-flat directions, describing deformed intersecting surfaces in these directions for 
d < 4. The only global symmetries left are the ones involving the directions fully transverse 
to the brane. Another way to see this is that in the holographic dual which is the decoupled 
theory on the brane world-volume, the degrees of freedom (D-strings in type IIB) are stuck 
near the intersection of the branes and only have kinetic terms in the flat directions. All the 
states in the theory are therefore singlets under internal rotations in the curved directions. 

Let us fix coordinates so that the flat ones are x°...x d ~ 1 . For n = 3 and \i = 0, 
the above Calabi-Yau is just the ALE space IR 4 /22- This has an isometry which rotates 
(22, Z3) into each other. Performing a T-duality along this circle gives us two NS5-branes 
at the origin of IR 4 . The deformation of the ALE space into a two-center Taub-Nut is dual 
to the separation of the location of the 5-branes in the IR 4 . This is the d = 6 theory. We 
can chose coordinates so that x 6 is the circle of isometry. This circle shrinks to zero size 
at the location of the singularity, and thus in the brane picture, this grows to an infinite 
direction near the branes. The separation of the branes is in the direction ( 
x 7 = 0. The former three coordinates can be rotated so that the branes are at x 7,8,9 = 
giving rise to the SO (3) as in the previous section. The exchange of the two 5-branes 
x 6 — > —x 6 is the symmetry which has a non-trivial Z2 action on the bosons. 

For n = 4, 5, 6 which corresponds to the lower dimensional theories, we can write the 
Calabi-Yau near the deformed singularity as z\ + z\ + z 2 = \x where z 2 = z\ + -.z 2 . This 
should be thought of as an ALE fibration over the curve z 2 = \x. We can perform the 
same T-duality as above, and we get an NS5-brane wrapped on z 2 = fx. For \i = 0, the 
curved part of the configuration is embedded in IR 2 ^ n_2 ^ parameterized by x d ...x^, x 8 , a; 9 , 
and the coordinates x 6 ,x 7 are transverse to this brane. When \x is turned on, there is a 
deformation in the internal space R 2 ^- 2 ) and in x which causes the brane configuration 

12 For d = 0, we should consider the Euclidean theory, and in terms of the brane picture, it is 
the theory of an Euclidean NS5-brane completely wrapped on a non-compact Calabi-Yau 3-fold 
embedded in IR 8 . 
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to posses a minimum size S n ~ 3 . Suppressing all the coordinates except the transverse 
directions (x 6 , x 7 ), there are two point-like branes at the origin of the plane for \i = 0, and 
the deformation separates them by \i in this plane. 

Let us now look at the global symmetries. As mentioned above, the only global 
symmetries are those involving the transverse directions. First let us consider the singular 
case \i = 0. For d = 4, 2, (n = 4,5,6), the symmetry is U(l) x U(l) of momentum 
and winding around the circle that rotates the two transverse directions (x 6 , x ). We can 
identify the rotation of the transverse directions in complex coordinates as z — > e l< ^z, which 
is produced by Z{ — > e 1 ^ Zi. The deformation preserves the U(l) of winding and breaks the 
rotation to the discrete rotation z — > —z. It is clear that, upto an SO(n — 2) symmetry 
rotating the branes, this is equivalent to Z3 — > —Z3 for odd n and to a trivial rotation for 
even n. That the former is a rotation by 7r can be seen by looking at the projection of the 
curve to (^4, z n ) = which is invariant under the above symmetry. 

From the Calabi-Yau point of view, we can present the following argument. At a 
particular value of the radius in the geoemtry, the bosonic symmetry group is 0{n) = 
SO(n) x Z 2 for the theory specified by n. For odd n, the SO(n) commutes with the Z 2 
and the product is really a direct product. In this case, the Z 2 is just that of parity, 
and wavefunctions of particles propagating on this manifold are labelled by the quantum 
numbers of SO(n), and a sign. For even n, the SO{n) does not commute with the Z 2 , 
and the good quantum numbers are those of the SO{n) alone. The wavefunctions with 
non-zero spin are peaked away from the origin and in the limit of going near the singularity, 
they decouple. Only the singlets under the SO(n) remain, and only for odd n, there is also 
a 2 2 symmetry. This 2 2 symmetry acts on the top form of the Calabi-Yau as Q — » — O, 
which is equivalent to a rotation of 7r. These facts can be checked in the cases that there 
are explicit metrics which have been written down. For instance, in the conifold theory 
[see e.g. [[28| and refs. therein] , the angle if) has period 4n in the full conifold. Near the 
tip though, a rotation by 2rr along with a rotation in the sphere brings you back to the 
same point. 

We end with two comments: 
1. The difference between the d = 6 case and the lower dimensional ones is the following: 
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for n = 3, turning on \i deforms the curve z\ = in the directions (x 8 , x 9 ) and in 
x 6 just like the other cases. Because the curve in this case is a pair of points, the 
symmetry structure is SO (4) — > 0(3). In the other cases, because the two directions 
(x 8 ,x 9 ) are filled in by the brane, the symmetry is U(l) x £7(1) — > U(l) x ~IL<i. The 
deformation in the d = 4, 2, theories correspond to turning on the sine-Liouville term 
in the action. As we saw earlier, the enhanced symmetry in the d = 6 theory could be 
seen from the conformal field theory as well where the sine-Liouville and cigar terms 
are related by the symmetry. 



2. When n is even (d = 4, 0), we saw that the there is only a rotation by 2-k in the curved 
directions of the brane that remains as a symmetry. The fermions pick up a negative 
sign under this and this gives the discrete winding symmetry which is equivalent to 
(— ) Fs for d = 4. For d = 0, the supercharges are charged under this rotation by 27r, 
but because of the lack of flat directions, the physical bosons and fermions are not 



paired by the supercharges. The physical fermionic operators in the lists (|3.1|) , (jcL2| ) 
are thus not charged under the discrete winding symmetry. 
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Appendix A. Spectrum of the higher dimensional theories 



The vertex operators become complicated as the mass in spacetime increases. To 
construct the states at a general level, we can use the oscillator algebra of the worldsheet 
fields which are free asymptotically. If we fix the reparameterization invariance on the 
worldsheet by going to the light cone gauge, we can write down the form of the general state 
in the theory asymptotically in terms of worldsheet oscillators in d transverse directions. 

Table 1: Type spectrum 



Theory 


Sector 


(n, w) 


Example (d = 4) 


OB and OA 


NS+NS+ 
NS-NS- 


(N,M) 
(N,M) 


Graviton multiplet (G, £?, (p) 
Tachyonic scalar T 


OB 


R+R+ 
R-R- 


(N,M) 
(N,M) 


Scalar, two form (cpi , B s a f) 
Scalar, two form ((p 2 ,B^ d ) 


OA 


R+R- 
R-R+ 


(N,M) 
(N,M) 


Vector A l a 
Vector A 2 a 



The operators are labelled by the momentum n and winding w (N, M 
integers). The ± signs in the sectors are the naive chirality on the world- 
sheet defined asymptotically. These are not good quantum numbers, and 
they are only indicated to classify the spin of a particle in the asymptotic 
region. The superscripts in the R-R sector indicate the (anti)self duality 
condition that the field strenghts of the listed potential obeys. If there is 
no superscript, the field strength is unconstrained. 



Table 2: Type II spectrum (d = A) 
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Theory 


Sector 


(n, w) 


Example (d = 4) 


UB and IL4 


NS+NS+ 
NS-NS- 


(2N,2M),(2N + 1,2M + 1) 
(2iV + 1,2M),(2N,2M + 1) 


T (non-tachyonic) 


IIS 


R+R+ 
R-R- 


(2iV,2M), (2iV + 1,2M + 1) 
(2iV + 1,2M), (2N,2M + 1) 


(<f>2,B a J d ) 


IIA 


R+R- 
R-R+ 


(2iV,2M), (2iV + 1,2M + 1) 
(2iV + 1,2M), (2A,2M + 1) 


K 

A 2 


IIB 


R+NS-, NS+R- 
R-NS+, NS-R+ 


(27V + §, 2M - §), (2iV - |, 2M + §) 
(2JV + i, 2M + |), (2N - |, 2M - §) 


(Supercharge, 
Photino, Gravitino) 


IIA 


R+NS-, NS+R+ 
R-NS+, NS-R- 


(2JV + 1 , 2M - |), (2iV - §, 2M + §) 
(2A + |, 2M + |), (2iV — \ y 2M — §) 


(Supercharge, 
Photino, Gravitino) 



The notation is as in Table 1. Notice that the particles cannot be described 
by an effective action, because not all the modes are present. The fermionic 
states are obtained by the action of the supercharges on the bosons. Their 
Lorentz representation is correllated with the momentum. 



Appendix B. Partition functions of the various theories 

On the sphere, the partition function vanishes in all even dimensions due to the 
presence of two extra fermionic zero modes on the cigar [0 . To compute the torus partition 
sum, we shall go to light cone gauge. In this gauge in d dimensional theories, the physical 
oscillators are a 1 ^, a^, Vn? I = P-> ®-> 1? 2, ..d — 2. 

A general state is built out of the raising operators acting on the vacuum, and has 
momentum p, /c M in the d + 1 non-compact directions and momentum n and winding w 
around the circle. The left and right moving momentum around the circle are given by 
&L = ^7r + |^; kn = — The physical state condition gives us the mass of a state in 
terms of the oscillators. In the left moving sector (the right moving mass shell equation is 
defined likewise): 



OO OO , 

L :=J2 ™*-n°i + E rf-rri + ^kl + kl-p 2 )-^ = (NS) 

n=l r -I 

' — 2 

oo oo ^ 

L := E ™"-n«n + E ^-m^L + O ( k l + k l - = ( R ) 



2 

n=l m=l 
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The energy of the NS sector vacuum state (tachyon) can be understood as arising from 
the presence of the dilaton, or the curvature of spacetime, as in the previous sections.^ 
It can also be seen by adding the zero point energies of d free bosons and d antiperiodic 
fermions on the worldsheet. The energy of the R sector vacuum is 0. 

The one loop partition sum is split into the integration over the non-compact momenta, 
the sum over the allowed compact momentum and winding, and oscillator sums; taking 
into account the GSO projection: 

where q = e 2 " KlT and the trace is over the physical Hilbert space of the theories. 
The definition of the and r\ functions are: 



n=l 

oo 

e a6 (r) = qi e™ 6/2 - q n )(l + e ^ g n-(l-»)/2)( 1 + e -^ib q n-(l+a)/2^ 
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The modular invariance of the partition sum of the type theories is straightforward in 
all cases, relying on the transformation properties of the functions defined above. 

The partition function for the type 0' and type II theories is computed by taking into 
account the GSO projection. We present below the modular invariant partition sums for 
the theories function of the dimension. 

B.l. d=0 

In this case, fixing to light-cone gauge leaves us with no oscillators. As we found in 
the text, there are only the few field-theoretic degrees of freedom in the pure black hole, 
and we can compute the partition function purely as a sum over winding and momenta, 
and integration over the dilaton direction. In the type theory, we find: 

_ r d 2 r /— Ti\m — wr\ 2 \ 

Z T _V 2 y £ expf 1 U (B.4) 

' * m,w = — oo ^ - / 
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As a reference, in the 10 dimensional string theory, the energy of the NS vacuum in our units 

l 



2 ' 
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In the type II theory, the sum over the NS-NS sector cancels the sum over the spacetime 
fermions, and the RR field has all momentum and winding (we do not impose the Dirac 
equation at this level). The full partition function is therefore half of the type partition 
function: 



f d 2 T \ / —7T\I)I — (fT\ 

v<2 / ~pr 1^ ex P 



m,w = — oo 



2r 2 
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B.2. d=2 



The torus partition function of the type theory is: 
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The partition function of the type 0' theory is given by: 



j T 2 ~ V4 



cf 2 r 1 1 
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The modular invariance of the above function can be seen by noticing the identity 
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The partition function for the type II theory is given by: 



JX2 ~ V4 
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This function is modular invariant | 29[| , and in fact, it vanishes, as it should for a super- 
symmetric theory. 
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B.3. d=4 



The type partition sum is 
d 2 r 1 
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4 
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where the =F sign is for the OA and OB theories respectively. The tachyon is contained in 
the sum of the first two terms. 

To fill a gap in the text, we will use this example to get an estimate of the high energy 
behaviour of our theories. This calculation can easily be generalized to the other cases. In 
the left moving R sector with no momentum, the partition sum is 



q' 



Trq 1 
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The chiral density of states d n for large n can be estimated by a saddle point approximation 
of the contour integral, and it is given by d® p ~ n~i exp(27ry / n). In the closed string, we 
have d^ 1 = (<^n P ) 2 ~ exp(47r A /n). Considering that the mass of the string is related 



to the level as ^-m 2 = n gives the mass density of states: 

m 



p(m) ~ m exp( — ). 

m 



mo = (7rV Aa!) 
The partition sum on the torus (for IIB and IIA) is 

Z T 2 ~ Vq 
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where the functions a m i are: 



(n+m/2) : 
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The partition function defined above vanishes as expected for spacetime supersymmetric 
theories ||21|| . The first expression in the oscillator sum contains the tachyon (with odd 
momenta) and the tachyno, and the second contains the graviton multiplet (with even 
momenta) and its superpartner. 
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B.4- d=6 

The torus partition function of the type theory is: 

— 27r|m — wr\ 2 
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The partition function of the type 0' theory (which is the type theory on two NS5-branes 
is given by: 
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The partition function for the type II theories is given by: 
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Appendix C. Quantization in the Green-Schwarz formalism (d = 4) 

The six bosonic coordinates are X a = X a + X a and their spacetime superpartners 
are 9 a , 9 a which are six dimensional Weyl spinors in the 4 or 4 of SU(4). We shall work 
in light cone gauge where the coordinates are X 1 (I = p, 9, 1, 2), and Weyl spinors S a , S a 
in the 2 and S a , S a in the 2 or 2' (IIS or IL4) of 50(4). In the T-dual variables, the 
interaction is the sine-Liouville interaction: 



S = Jd 2 a (hd^X^X 1 -iS a d+S a -iS a d-S c 



(C.l) 



In the above action, a specific choice of a matrices has been made which breaks the U(l) 
symmetry which rotates the spinors S 1 , S 2 into each other. 

The right and left moving Lorentz generators are given by: 



jl2 = X lp2 _ p2 x l + 1 q _ lg^ S 2 + Iglgl 

V2 2 2 

J12 = X lp2 _ p2 x l + 1 I _ 

y/2 2 2 



(C.2) 



28 



The rotation in the 1-2 direction is given the sum of the left and right moving parts which 
also we shall call J 12 . The only other physical symmetry of the theory (consistent with 
the R-NS analysis) is: 



w = -i=(0 -h- l(s 2 s 2 - s 2 ~s 2 ) - \{s 1 s 1 - ~s 1 s 1 ) 

v 2 2 2 



(C.3) 



In the cigar theory, this current is the conserved momentum which we saw earlier. Note 

that in this formalism, the above conserved current is a combination of naive momemtum 

around the cigar and a piece which acts on the worldsheet fermions. 

The free action has eight leftmoving (and another eight rightmoving) supersymmetries 

- four shifts of the spinors and four linearly realised supersymmetries. The interaction 

preserves only half of the above symmetries - only shifts of S 1 , S 1 are preserved, and two 

of the linear supersymmetries (which are modified due to the superpotential so that they 

are no longer purely left or right moving) are preserved. These supercharges are charged 

-1 0' 



under the currents J 12 ,iu (here a 3 = ^ ^ ^ 
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[w,Q a ] = --Q a ; 



[J 12 ,Q C 
[J 12 ,Q C 
[w, Q a ] 

The ground state is annihilated by all bosonic and fermionic lowering operators, and 
is in a irrep of the susy algebra which (for the left moving part alone) consists of four 
states, all of vanishing energy. Below, we list the states and the charges under the two 
conserved currents winding and the spacetime rotation J 12 . We start with a state which 
asymptotically obeys S |0) = 9\0) = 0, and build three other left moving states of the 
same energy (and repeat the construction on the rightmoving side): 

Table 5: Ground states in the Green-Schwarz formalism 



State 


|o> s 2 |o> s 1 ^} sV|o> 


|0) £ 2 |0) S!|0) S^S^O) 


J 12 
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The closed string spectrum is built by tensoring these two together. The spacetime 
spin properties are given by the charge under J 12 . At this level, we get 16 states with 
zero energy which form a scalar (tachyon) multiplet. The four tachyon states have winding 
number —1, 0, 0, 1. The conserved charges are the same as in the NSR formalism. 

The states with least non-zero energy E = ± is built on states which obeys S \ ± 
1) =0, 9\ ± 1) = ± 1) tensored with the rightmovers. This gives 64 states with 

spins corresponding to the graviton multiplet. The gravitons have zero winding, and the 
conserved charges of all the states are the same as in the NSR formalism. 

The general state in the spectrum is constructed by the action of the raising opera- 

a _ —a 

tors of the four bosons aL n , aL n and the eight fermions S1 n , S n , S^. n , S n , on the states 
annihilated by all the lowering operators with arbitrary integer or half integer value of mo- 
memtum. The algebra of the conserved charges being the same as in the NSR formalism, 
and the ground state being the same guarantees that the full spectrum is identical as well. 

Appendix D. Conformal invariance at second order in the d = 6 theory 

The operators are all of dimension (1,1). The nine operators generate other 
operators when they come close to each other, and the coefficients of these operators 
should vanish for the theory to remain conformal. 

1. As in the Liouville theory, we assume that in the OPE of e PlP with e P2P , the operator 
that is generated is normalizable (p < 0) if e^- Pl+P2 ^ p is. 

2. Asymptotically, we can consistently choose to keep operators which decay slower than 
a certain rate (i.e., p > Po for some po). In the five brane theory, we can think of this 
as an expansion in x 2 /r 2 where x is the separation of the branes and r is the radial 
distance from the center of mass. 

It can be checked to order e~ p , that the are the only operators that preserve Af = (2, 2) 
superconformal symmetry on the worldsheet and are not total derivatives are the above 
nine. This means that the above set of operators are closed under the OPE (upto perhaps 
change in the zero modes of fields). 

We have then, Ai(z)Aj(0) ~ ^e ijk A k (0). The free field part of this OPE can be 
explicitly computed, and the dilaton part - e~ p with itself - gives again e~ p with a coefficient 
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c\ which we assume is non-zero. This relation is consistent with charge conservation after 
taking into account the background charge of the dilaton. 

If we consider separating the branes in the directions (X 8 ,X 9 ) alone, we turn on 
only C mt = CqqC 6Q + C 77 C 77 + 2Cq 7 C 67 . At second order in the coefficients, there are 
new operators generated - the contribution to the beta function by these new operators 
is proportional to ((C 66 + C 77 )C int + (C 66 C 77 - Cl 7 )C newint )e~P-P . Demanding that the 
second term vanishes gives us CqqC 77 — C| 7 = 0. We get five other such conditions for 
other separations. 

The solution to these constraints is labelled by four parameters x^ such that C Mi , = 
x^Xv It can be checked that this is a good solution for the most general interaction 
allowed. The interaction O nt = x il x v L pi ' 'e~ p ~ p generates at second order a contribution 
to the beta function proprtional to (x^x^)C tnt which is equivalent to a change in the 
zero mode of the dilaton. More precisely, the expectation value of e~ p0 is identified with 
(x^x^ 1 ). The value of the dilaton at the tip corresponds to the distance of the branes from 
the origin, and the other three operators correspond to moving the branes on a sphere at 
constant radius. 
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